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Grade Seven

Mathematics Instruction

As students enter grade seven, they understand variables and how to apply properties of operations to
write and solve simple one-step equations. They are fluent in all positive rational number operations.
Grade seven students have been introduced to ratio concepts and applications, concepts of negative
rational numbers, absolute value, and all four quadrants of the coordinate plane. They have a solid
foundation for understanding area, surface area, and volume of geometric figures, as well as an
introductory knowledge of statistical variability and distributions (adapted from Charles A. Dana Center
2012).

In grade seven, instructional time focuses on four critical areas: (1) developing understanding of
and applying proportional relationships, including percentages; (2) developing understanding of
operations with rational numbers and working with expressions and linear equations; (3) solving
problems that involve scale drawings and informal geometric constructions and working with two-
and three-dimensional shapes to solve problems involving area, surface area, and volume; and (4)
drawing inferences about populations based on samples (National Governors Association Center for
Best Practices, Council of Chief State School Officers 2010n). Students work toward fluently solving
equations of the form px + g =rand p(x + q) =r.

West Virginia College- and Career-Readiness Standards for Mathematics

The West Virginia College- and Career-Readiness Standards for Mathematics (WVBE Policy 2520.2B)
emphasize key content, skills, and practices at each grade level.

» Instruction is focused on grade-level standards.

» Instruction is attentive to learning across grades and to linking major topics within grades.

» Instruction develops conceptual understanding, procedural skill and fluency, and application.

Grade-level examples of these three major principles are indicated throughout this document.

Cluster headings are viewed as the most effective way to communicate the focus and coherence of the
standards. The instructional focus is based on the depth of the ideas, the time needed to master the
clusters, and their importance to future mathematics or the later demands of preparing for college
and careers.

Teachers and administrators know the standards are not topics to be checked off after being covered
in isolated units of instruction; rather, they provide content to be developed throughout the school
year through rich instructional experiences presented in a coherent manner. West Virginia College-
and Career-Readiness Standards for Mathematics are learning goals for students that are mastered

by the end of grade seven in order for students to be prepared for the mathematics content in grade
eight. The Mathematical Habits of Mind are the behaviors and dispositions of mathematics and should
be integrated into every mathematics lesson for all students, and are part of the comprehensive
approach to middle and secondary learning per WVBE Policy, 2510, Assuring Quality of Education:
Regulations for Education Programs.



Connecting Mathematical Habits of Mind and Content

The Mathematical Habits of Mind (MHM) are developed throughout each grade and, together with
the content standards, prescribe that students experience mathematics as a thorough, coherent,
useful, and logical subject. The Mathematical Habits of Mind represent a picture of what it looks
like for students to understand and do mathematics in the classroom and are integrated into every
mathematics lesson for all students.

Although the description of the Mathematical Habits of Mind remains the same at all grade levels, the

way these standards look as students engage with and master new and more advanced mathematical

ideas does change. The following table presents examples of how the Mathematical Habits of Mind are
integrated into tasks appropriate for students in grade seven.

Mathematical Habits
of Mind

Explanation and Examples

MHM1

Make sense of
problems and
persevere in solving
them.

In grade seven, students solve problems involving ratios and rates and
discuss how they solved them. Students solve real-world problems through
the application of algebraic and geometric concepts. They seek the meaning
of a problem and look for efficient ways to represent and solve it. They
check their thinking by asking themselves “Does this make sense?” or “Can

| solve the problem in a different way?” When students compare arithmetic
and algebraic solutions to the same problem (M.710a), they identify
correspondences between different approaches.

MHM2
Reason abstractly and
quantitatively.

Students represent a wide variety of real-world contexts through the use
of real numbers and variables in mathematical expressions, equations,
and inequalities. Students contextualize to understand the meaning of
the number or variable as related to the problem and decontextualize to
manipulate symbolic representations by applying properties of operations.

MHM3

Construct viable
arguments and
critique the reasoning
of others.

Students construct arguments with verbal or written explanations
accompanied by expressions, equations, inequalities, models, graphs, and
tables. They further refine their mathematical communication skills through
mathematical discussions in which they critically evaluate their own thinking
and the thinking of other students. For example, as students notice when
geometric conditions determine a unique triangle, more than one triangle, or
no triangle (M.712), they have an opportunity to construct viable arguments
and critique the reasoning of others. Students are encouraged to answer
questions such as these: “How did you get that?” “Why is that true?” “Does
that always work?”




Mathematical Habits
of Mind

Explanation and Examples

MHM4&
Model with
mathematics.

Grade seven students model real-world situations symbolically, graphically,
tabularly, and contextually. Students form expressions, equations, or
inequalities from real-world contexts and connect symbolic and graphical
representations. Students use experiments or simulations to generate data
sets and create probability models. Proportional relationships present
opportunities for modeling. For example, for modeling purposes, the number
of people who live in an apartment building might be taken as proportional
to the number of stories in the building. Students are encouraged to answer
questions such as “What are some ways to represent the quantities?” or
“How might it help to create a table, chart, or graph?”

MHM5
Use appropriate tools
strategically.

Students consider available tools (including estimation and technology)
when solving a mathematical problem and decide if particular tools might
be helpful. For instance, students in grade seven may decide to represent
similar data sets using dot plots with the same scale to create a visual
comparison of the center and variability of the data. Students might use
physical objects, spreadsheets, or applets to generate probability data and
use graphing calculators or spreadsheets to manage and represent data in
different forms. Teachers might ask, “What approach are you considering?” or
“Why was it helpful to use 2"

MHMe6
Attend to precision.

Students continue to refine their mathematical communication skills by
using clear and precise language in their discussions with others and in
their own reasoning. Students define variables, specify units of measure, and
label axes accurately. Students use appropriate terminology when referring
to rates, ratios, probability models, geometric figures, data displays, and
components of expressions, equations, or inequalities. Teachers might ask,
“What mathematical language, definitions, or properties can you use to
explain 2"

MHM7
Look for and make
use of structure.

Students routinely seek patterns or structures to model and solve problems.
For instance, students recognize patterns that exist in ratio tables, making
connections between the constant of proportionality in a table with

the slope of a graph. Students apply properties to generate equivalent
expressions and solve equations. Students compose and decompose two-
and three-dimensional figures to solve real-world problems involving scale
drawings, surface area, and volume. Students examine tree diagrams or
systematic lists to determine the sample space for compound events and
verify that they have listed all possibilities. Solving an equation such as 8 =
4(x - %) is easier if students can see and make use of structure, temporarily
viewing (x - &) as a single entity.




S AL Explanation and Examples

of Mind

MHM8 In grade seven, students use repeated reasoning to understand algorithms

Look for and express | and make generalizations about patterns. After multiple opportunities to

regularity in repeated | solve and model problems, they may notice that % = % if and only if ad = bc

reasoning. and construct other examples and models that confirm their generalization.
Students are encouraged to answer questions such as “How would we prove
that ______ ?" or “How is this situation both similar to and different from
other situations using these operations?”

Adapted from Arizona Department of Education (ADE) 2010, Georgia Department of Education 2011, and North Carolina Department of Public
Instruction (NCDPI) 2013b.

Standards-Based Learning at Grade Seven

The following narrative is organized by the domains from the West Virginia College- and Career-
Readiness Standards for Mathematics in grade seven and also highlights some necessary foundational
skills from previous grade levels. It also provides exemplars to explain the content standards,
highlights connections to the Mathematical Habits of Mind (MHM), and demonstrates the importance
of developing conceptual understanding, procedural skill and fluency, and application.



Domain: Ratio and Proportional Relationships

A critical area of instruction in grade seven is developing an understanding and application of
proportional relationships, including percentages. In grade seven, students extend their reasoning
about ratios and proportional relationships in several ways. Students use ratios in cases that

involve pairs of rational number entries and compute associated rates. They identify unit rates in
representations of proportional relationships and work with equations in two variables to represent
and analyze proportional relationships. They also solve multi-step ratio and percent problems, such as
problems involving percent increase and decrease.

Ratios and Proportional Relationships

Analyze proportional relationships and use them to solve real-world and mathematical problems.
M.71

Compute unit rates associated with ratios of fractions, including ratios of lengths, areas and other
quantities measured in like or different units (e.g., If a person walks 1/2 mile in each 1/4 hour,
compute the unit rate as the complex fraction 1/2/1/4 miles per hour, equivalently 2 miles per hour).

M.7.2
Recognize and represent proportional relationships between quantities.

a. Decide whether two quantities are in a proportional relationship (e.g,, by testing for equivalent
ratios in a table or graphing on a coordinate plane and observing whether the graph is a
straight line through the origin).

b. Identify the constant of proportionality (unit rate) in tables, graphs, equations, diagrams and
verbal descriptions of proportional relationships.

c. Represent proportional relationships by equations (e.g., If total cost t is proportional to the
number n of items purchased at a constant price p, the relationship between the total cost and
the number of items can be expressed as t = pn).

d. Explain what a point (xy) on the graph of a proportional relationship means in terms of the
situation. Focus special attention on the points (0,0) and (1,r) where r is the unit rate.

The concept of the unit rate associated with a ratio is important in grade seven. For a ratio a:b with a
and b # 0, the unit rate is the number % The unit rate is calculated utilizing the ratio a:b by dividing
both a and b by b to get the denominator of the ratio equal to 1. Thus, a/b:b/b is a/b:1, so the unit
rate is a/b. In grade six, students worked primarily with ratios involving whole number quantities

and discovered what it meant to have equivalent ratios. In grade seven, students find unit rates in
ratios involving fractional quantities. For example, when a recipe calls for 1% cups of sugar to 3 cups
of flour, this results in a unit rate 01”13—/2 = % The fact that any pair of quantities in a proportional
relationship can be divided to find the unit rate is useful when students solve problems involving
proportional relationships, as this allows students to set up an equation with equivalent fractions
and use reasoning about equivalent fractions. For a simple example, if a recipe with the same ratio as
given above calls for 12 cups of flour and a student wants to know how much sugar to use, he could
set up an equation that sets unit rates equal to each other—such as %/2 = % = % where S represents
the number of cups needed in the recipe.

"Although it is possible to define ratio so that a can be zero, this will rarely happen in context, so the discussion proceeds with the

\

assumption that both a and b are non-zero.



In grade six, students work with many examples of proportional relationships and represented them
numerically, pictorially, graphically, and with equations in simple cases. In grade seven, students
continue this work, but they examine more closely the characteristics of proportional relationships. In
particular, they begin to identify these facts:
» When proportional quantities are represented in a table, pairs of entries represent equivalent
ratios.
» The graph of a proportional relationship lies on a straight line that passes through the point
(0,0), indicating that when one quantity is 0, so is the other?
» Equations of proportional relationships in a ratio of a:b always take the form, y = kx where k is
the constant - if the variables x and y are defined so that the ratio xy is equivalent to a:b. (The
number k is also known as the constant of proportionality [M.7.2].)

Thus, a first step for students—one that is often overlooked—is to decide when and why two
quantities are actually in a proportional relationship (M.7.2a). Students may do this by checking the
characteristics listed above or by using reasoning; for example, a runner’s heart rate might increase
steadily as she runs faster, but her heart rate when she is standing still is not 0 beats per minute, and
therefore running speed and heart rate are not proportional. Even though a relationship may exhibit a
constant rate of change, this alone does not determine that the relationship is proportional.

A ratio is a pair of nonnegative numbers, A:B, which are not both 0. When there are A units of one
quantity for every B units of another quantity, a rate associated with the ratio A:B is % units of the
first quantity per 1 unit of the second quantity. (Note that the two quantities may have different
units.)

The associated unit rate is the number %.
The term unit rate refers to the numerical
part of the rate; the “unit” is used to
highlight the 1in “per 1 unit of the
second quantity.” Unit rates should not be
confused with unit fractions (which have
a 1in the numerator).

Ratios

Unit Rates

70 mi $0.40
Thr 1lb

A proportional relationship is a collection of pairs of numbers that are in equivalent ratios. A ratio
A:B with B # 0 determines a proportional relationship, namely the collection of pairs (cA,cB), where
c is positive. A proportional relationship is described by an equation of the form y = kx, where R is
a positive constant, often called a constant of proportionality. The constant of proportionality, R, is
equal to the value % The graph of a proportional relationship lies on a ray with the endpoint at
the origin.

Adapted from UA Progressions Documents 20171c.

The study of proportional relationships is a foundation for the study of functions, which is introduced
in grade eight and continues through higher mathematics. In grade eight, students understand that
the proportional relationships they studied in grade seven are part of a broader group of linear
functions. Linear functions are characterized by having a constant rate of change (the change in the

? The formal reasoning behind this principle and the next one is not expected until grade eight (see M.8.7 and M.8.8). However, students will

notice and informally use both principles in grade seven.

/



outputs is a constant multiple of the change in the corresponding inputs). The following examples
show students determining whether a relationship is proportional; notice the different methods used.

Examples: Determining Proportional Relationships Mm.7.2

1. If Josh is 20 and his niece Reina is 10, how old will Reina be when Josh is 40?

Solution:

This is not a proportional relationship. Students may erroneously think that this is a proportional
relationship, they may decide that Reina will be 20 when Josh is 40. However, it is not true that
their ages change in a ratio of 20:10 (or 2:1). As Josh ages 20 years, so does Reina, so she will be
30 when Josh is 40. Students might further investigate this situation by graphing ordered pairs
(a,b) where a is Josh’s age and b is Reina’s age at the same time. How does the graph differ from
a graph of a proportional relationship?

2. Jaime is studying proportional relationships in class. He says that if it took two people 5 hours
to paint a fence, then it must take four people 10 hours to paint a fence of the same size. Is he
correct? Why or why not? Is this situation a proportional relationship? Why or why not?

Solution:

No, Jaime is not correct—at least not if it is assumed that each person works at the same rate.
If more people contribute to the work, then it should take less time to paint the fence. This
situation is not a proportional relationship because the graph would not be a straight line
emanating from the origin.

3. If 2 pounds of melon cost $4.50 at the grocery store, would 7 pounds cost $15.75?

Solution:
Since a price per pound is typically constant at a grocery store, it stands to reason that there is a
proportional relationship here:

$450 _ 7x($450) _  $3150  _ ($3150) 2 _ _ $15.75

2 pounds ~ 7 x (2 pounds) ~ 14 pounds ~ (14 pounds) = 2 ~ 7 pounds

It makes sense that 7 pounds would cost $15.75. (Alternatively, the unit rate is —%L = $2.25, for
a rate of $2.25 per pound. At that rate, 7 pounds costs 7 x $2.25 = 7 x 52 + 7 x $0.25. This equals $14
+ [4 quarters] + [3 quarters] = $14 + $1 + $0.75, or $15.75.)

4. The table at right gives the price for different numbers of books. Do

the numbers in the table represent a proportional relationship?
Price ($) | No. of Books

Solution: 4 1
If there were a proportional relationship, it should be possible to

. . ) ) . 7 2
make equivalent ratios using entries from the table. However, since
the ratios 41 and 7:2 are not equivalent, the table does not represent a 10 3
proportional relationship. (Also, the unit rate [price per book] of 13 4
the first ratio is % or $4.00, and the unit rate of the second ratio is
1 or $3.50.)

Adapted from ADE 2010 and NCDPI 2013b.



Instructional Focus

Problems involving proportional relationships support the Mathematical Habits of Mind as
students make sense of problems (MHM1), reason abstractly and quantitatively (MHM2), and model
proportional relationships (MHM4&). For example, for modeling purposes, the number of people
who live in an apartment building might be taken as proportional to the number of stories in the
building.

As students work with proportional relationships, they write equations in the form y = kx, where k is
a constant of proportionality (i.e., a unit rate). They see this unit rate as the amount of increase in y
as x increases by 1 unit in a ratio table, and they recognize the unit rate as the vertical increase in a
unit rate triangle (or slope triangle) with a horizontal side of length 1 for a graph of a proportional
relationship.

Example: Representing Proportional Relationships Mm.7.2

The following example from grade six is presented from a grade seven perspective to show the
progression from ratio reasoning to proportional reasoning.

A juice mixture calls for 5 cups of grape juice for every 2 cups of peach juice. Use a table to represent
several different batches of juice that could be made by following this recipe. Graph the data in your
table on a coordinate plane. Finally, write an equation to represent the relationship between cups of
grape juice and cups of peach juice in any batch of juice made according to the recipe. Identify the
unit rate in each of the three representations of the proportional relationship.

Using a Table. Cups of Grape (x) | Cups of Peach (y)
In grade seven, students.identify pairs of Batch A 0 0
values that include fractions as well as

whole numbers. Thus, students include Batch B 5 2
fractional amounts between 5 cups of Batch C 1 +
grape juice and 2 cups of peach juice in

their tables. They see that as amounts of Batch D 2 2-tor+
cups of grape juice increase by 1 unit, the 5 .
corresponding amounts of cups of peach Batch E 3 3-50r%
juice increase by % l.Jﬂ.it, so that if we Batch F 4 42 ord
add x cups of grape juice, then we would

add x - % cups of peach juice. Seeing this Any batch made

relationship helps students to see the according to the X x-%+orZ
resulting equation, y = %X. Another way to recipe

derive the equation is by seeing - = % and
so multiplying each side by x would yield
x- (%) = () x, which results in y = 2x.




Example: Representing Proportional Relationships (continued) M.7.2

Using a Graph.

Students create a graph, realizing that even non-whole-number points represent possible
combinations of grape and peach juice mixtures. They are learning to identify key features of the
graph—in particular, that the resulting
graph is a ray (i.e,, contained in a straight
line) emanating from the origin and that
the point (0,0) is part of the data. They see 2s
the point (1,%) as the point corresponding
to the unit rate, and they see that every
positive horizontal movement of 1 unit
(e.g., adding 1 cup of grape juice) results

in a positive vertical movement of % of a
unit (e.g, adding < cup of peach juice). The
connection between this rate of change
seen in the graph and the equation y = % X
should be made explicit for students, and
they should test that every point on the
graph is of the form (x, & x).

¥

<
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Cups of Peach

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

Cups of Grape

Deriving an Equation.

Both the table and the graph show that for every 1 cup of grape juice added, %+ cup of peach juice
is added. Thus, starting with an empty bowl, when x cups of grape juice are added, < x cup of peach
juice must be added. On the graph, this corresponds to the fact that, when starting from (0,0), every
movement horizontally of x units results in a vertical movement of % X units. In either case, the
equation becomes y = %x.

Adapted from UA Progressions Documents 2011c.

Students use a variety of methods to solve problems involving proportional relationships. They have
opportunities to solve these problems with strategies such as making tape diagrams and double
number lines, using tables and rates, and by relating proportional relationships to equivalent fractions
as described above.

Examples: Proportional Reasoning in Grade Seven Mm.7.2

Janet can sew 35 scarves in 2 hours. At this rate, how many scarves can she sew in 5 hours?

Solution Strategies

(a) Using the Rate.

Since Janet can sew 35 scarves in 2 hours, this means she can sew at a rate of 35 + 2 = 17.5 scarves
per hour. If she works for 5 hours, then she can sew

17.5 scarves per hour x 5 hours = 875 scarves

which means she can sew 87 scarves in 5 hours.




Examples: Proportional Reasoning in Grade Seven (continued) M.7.2

(b) Setting Unit Rates Equal.
The unit rate in this case is 375 = 175. If C represents the number of scarves Janet can sew in 5 hours,
then the following equation can be set up:

Number of Scarves _ 35 _ C

Number of Hours 2 5

% also represents the unit rate. To solve this, we can reason that since 2 x 2.5 = 5, it must be true that
35x 2.5 = C, yielding C = 875, which is interpreted to mean that Janet can sew 87 scarves in 5 hours.

Alternatively, one can see that the equation above is of the form b = ax, where a and b are rational

numbers. In that case, C = 2 = -

(c) Recognizing an Equation.

Students can reason that an equation relating the number of scarves, C, and the number of hours, h,
takes the form C = 175h, so that C can be found by C = 175(5) = 875. Again, the answer is interpreted
to mean that Janet can sew 87 scarves in 5 hours.
Adapted from ADE 2010.

A typical strategy for solving proportional relationship problems has been to “set up a proportion

and cross-multiply” The West Virginia College- and Career-Readiness Standards move away from this
strategy, instead prompting students to reason about solution strategies and why they work. Setting up
an equation to solve a proportional relationship problem makes perfect sense if students understand
that they are setting unit rates equal to each other. Students should see this as setting up an equation
in a single variable. On the other hand, if after solving multiple problems by reasoning with equivalent
fractions (as in strategy [b] above) students begin to see the pattern that - = < precisely when

ad = bc, then this is something to be examined, not avoided, and used as a general strategy. Following
are additional examples of proportional relationship problems.

Further Examples of Proportional Reasoning for Grade Seven M.7.2

1. Atruck driver averaged about 300 miles in 5.5 hours of driving. At the same rate, approximately
how much more driving time will it take him to cover the remaining 1000 miles on his route?

Solution:
Students might see the unit rate as 35%? and set up the following equation:
‘ 300 _ 1000
55 h
In this equation, h represents the number of driving hours needed to cover the remaining 1000
miles. Students might see that 1000 = 300 = %; so, it must also be true that h = 5.5 = 2. This
means that:

=
N

_ 10 _ 10 1 _ 110 _
h—?x5.5—?x7 ?—18

1
3

Therefore, the truck driver has around 18 hours and 20 minutes of driving time remaining.




Further Examples of Proportional Reasoning for Grade Seven (continued) M.7.2

2. If % gallon of paint covers % of a wall, then how much paint is needed to cover the entire wall?

Solution:
Students may see this as asking for the rate—that is, how much paint is needed per wall. In that

case, students would divide: ;— : ;— = ;— : % = 3, so that 3 gallons of paint will cover the entire
wall.

Or, a student might see that one full wall could be represented by % x 6 50 to get the amount of
paint needed to cover the entire wall, he would need to multiply the amount of paint by 6 also:
1 gallon x 6 = 3 gallons

Adapted from Kansas Association of Teachers of Mathematics (KATM) 2012, 7th Grade Flipbook.

3. The recipe for Perfect Purple Paint calls for mixing % cup blue paint with ;— cup red paint. If a
person wanted to mix blue and red paint in the same ratio to make 20 cups of Perfect Purple
Paint, how many cups of blue paint and how many cups of red paint would be needed?
Solution (Strategy 1):

“If I make 6 batches (the least common multiple of 2 and 3) of purple, then that means | use 6

times more blue and red paint. This means | use 6 - 5 = 3 cups of blue and 6 - 5 = 2 cups of red,

which yields a total of 5 cups of purple paint (i.e., 6 batches yields 5 cups). So, to make 20 cups, |

can multiply these amounts of blue and red by 4 to get 12 cups of blue and 8 cups of red”

Solution (Strategy 2):

“One batch is 7 + 3 = 2 cup in volume. The fraction of one batch that is blue is then

+ =2+ 2 =28 =28 Thefraction of one batch that is red is%=%+%:%-%

If | ind these fractions of 20, that gives me how much blue and red to use:
&-20=12and & - 20 = 8.

This means | need 12 cups of blue and 8 cups of red”

Solution (Strategy 3):

“One batch is 4 + 4 = 2 cup in volume. | need 20 cups, so 20 cups divided by 2 cup per recipe is

24 recipes. 24 recipes of + cup blue paint is 12 cups of blue paint. 24 recipes of 4 cup red paint is

8 cups of red paint”

= ﬁ
15°

—

Adapted from UA Progressions Documents 20171c.

Ratios and Proportional Relationships

Analyze proportional relationships and use them to solve real-world and mathematical problems.
M.7.3

Use proportional relationships to solve multistep ratio and percent problems (e.g,, simple interest,
tax, markups and markdowns, gratuities and commissions, fees, percent increase and decrease, and/
or percent error).

In grade six, students use ratio tables and unit rates to solve percent problems. In grade seven,
students extend their work to solve multi-step ratio and percent problems (M.7.3). They explain
or show their work by using a representation (e.g., numbers, words, pictures, physical objects, or



equations) and verify that their answers are reasonable. Models help students identify parts of the
problem and how values are related (MHM1, MHM3, MHM4). For percentage increase and decrease,
students identify the original value, determine the difference, and compare the difference in the two
values to the starting value.

Examples: Multi-Step Percent Problems M.7.3

1. Asweater is marked down 30%. The original price was $37.50. What is the price of the sweater
after it is marked down?

Solution:

A simple diagram like the one shown can
help students see the relationship between
the original price, the amount taken off, and 30% of 3750 70% of 3750

the sale price of the sweater. In this case, Discount Sale price of sweater
students can solve the problem either by
finding 70% of $37.50, or by finding 30% of
$37.50 and subtracting it.

$37.50
Original price of sweater

Seeing many examples of problems such as this one helps students to see that discount
problems take the form (100% - r%) - p = d, where r is the amount of reduction, p is the original
price, and d is the discounted price.

2. Ashirtis on sale for 40% off. The sale price is $12. What was the original price?
Solution:

Discount: Sale Price: $12
40% of original price 60% of original price

10% | 10% 10% 10% 10% 10% 10% 10% 10% | 10%
Original Price (p)

Again, a simple diagram can show the relationship between the sale price and the original price.
In this case, what is known is the sale price, $12, which represents 60% of the original price. A
simple equation, 0.6p = 12, can be set up and solved for p:

p=12+06=20
The original price was $20.

3. Your bill at a restaurant before tax is $52.60. The sales tax is 8%. You decide to leave a tip of
20% on the pre-tax amount. How much is the tip you'll leave? What is the total cost of dinner,
including tax and tip?

Solution:

To calculate the tip, students find 52.60 - 0.20 = 10.52, so the tip is $10.52. The tax is found
similarly: 52.60 - 0.08 = 4.21. This means the total bill is $52.60 + $10.52 + $4.21 = $67.33.
Alternatively, students may realize that they are finding 128% of the pre-tax bill, and compute
$52.60 - 1.28 = $67.33.

Adapted from ADE 2010 and NCDPI 2013b.



Problems involving percentage increase or percentage decrease require careful attention to the
referent of the whole. For example, consider the difference between these two problems:
» Skateboard Problem 1. After a 20% discount, Eduardo paid $140 for a skateboard. What was the
price before the discount?
» Skateboard Problem 2. A skateboard costs $140 today, but the price will increase by 20%
tomorrow. What will the new price be after the increase?

The solutions to these two problems are presented below and are different because the 20% refers to
different wholes (or 100% amounts). In the first problem, the 20% represents 20% of the larger pre-
discount amount, whereas in the second problem, the 20% is 20% of the smaller pre-increase amount.

Solutions to Skateboard Problems M.7.3
Skateboard Problem 1. Original price, 100%, is $x
The problem can be represented with a tape P A N

diagram. Students reason that since 80% is $140,

) . 20% 20% 20% 20% 20%
20% is $140 + 4 = $35, so 100% is then

5 x $35 = $175. \ ~ )
Equivalently, 0.80 - x = 140, so that Sale price, 80% of the original, is $140

X =140+ 0.8,0r x =140 % + = 140 x = =35 x 5 =175,

Skateboard Problem 2. Original price, 100%, is $140

This problem can be represented with a tape A

diagram as well. Students can reason that since r A

100% is $140, 20% is $140 = 5 = 28, 20% is 20% 20% 20% 20% 20% 20%
$140 + 5 = 28, 50 120% is then 6 x $28 = $168. N )
Equivalently, x = (1.20)(140), so x = 168. Y

Marked-up price, 120% of the original, is $x

Adapted from UA Progressions Documents 2011c and the California Mathematics Framework.



Domain: The Number System

In grade six, students complete their understanding of division of fractions and achieve fluency with
multi-digit division and multi-digit decimal operations. They also work with concepts of positive and
negative rational numbers. They learn about signed numbers and the types of quantities that can be
represented with these numbers. Students locate signed numbers on a number line and, as a result of
this study, conclude that the negative side of the number line is a mirror-like reflection of the positive
side. For example, by reasoning that the reflection of a reflection is the thing itself, students will have
learned that —(-a) = a. (Here a may be positive, negative, or zero.) Grade six students learn about
absolute value and ordering of rational numbers, including in real-world contexts. In grade seven, a
critical area of instruction is developing an understanding of operations with rational numbers. Grade
seven students extend addition, subtraction, multiplication, and division to all rational numbers by
applying these operations to both positive and negative numbers.

Adding, subtracting, multiplying, and dividing rational numbers is the culmination of numerical work
with the four basic operations. The number system continues to develop in grade eight, expanding
to include all real numbers by the introduction of irrational numbers. Because there are no specific
standards for arithmetic with rational numbers in later grades—and because so much other work in
grade seven depends on that arithmetic—fluency in arithmetic with rational numbers should be a
primary goal of grade seven instruction.

The rational numbers are an arithmetic system that includes 0, positive and negative whole
numbers, and fractions. Wherever the term rational numbers is used, numbers of all types are
implied, including fractions in decimal notation.

The Number System

Apply and extend previous understandings of operations with fractions to add, subtract, multiply,
and divide rational numbers.

M.7.4

Apply and extend previous understandings of addition and subtraction to add and subtract rational
numbers; represent addition and subtraction on a horizontal or vertical number line diagram.

a. Describe situations in which opposite quantities combine to make 0 (e.g., a hydrogen atom has
0 charge because its two constituents are oppositely charged).

b. Understand p + g as the number located a distance |g| from p, in the positive or negative
direction, depending on whether q is positive or negative (e.g,, to add “p + q” on the number
line, start at “0” and move to “p” then move |q| in the positive or negative direction depending
on whether “q” is positive or negative). Show that a number and its opposite have a sum of 0
(are additive inverses). Interpret sums of rational numbers by describing real-world contexts.

c. Understand subtraction of rational numbers as adding the additive inverse, p - q =p + (-q).
Show that the distance between two rational numbers on the number line is the absolute value
of their difference and apply this principle in real-world contexts.

d. Apply properties of operations as strategies to add and subtract rational numbers.

In grade six, students learn that the absolute value of a rational number is its distance from zero
on the number line. In grade seven, students represent addition and subtraction with positive and



negative rational numbers on a horizontal or vertical number line diagram (M.7.4a-c). Students add
and subtract, understanding p + g as the number located a distance |g| from p on a number line, in
the positive or negative direction, depending on whether g is positive or negative. They demonstrate
that a number and its opposite have a sum of 0 (i.e., they are additive inverses) and understand
subtraction of rational numbers as adding the additive inverse (MHM2, MHM4, MHM?7).

Students’ work with signed numbers begin in grade six, where they experience situations in which
positive and negative numbers represent (for example) credits or debits to an account, positive or
negative charges, or increases or decreases, all relative to 0. Now, students realize that in each of
these situations, a positive quantity and negative quantity of the same absolute value add to make
0 (M.7.4a). For instance, the positive charge of 5 protons would neutralize the negative charge of 5
electrons, and we represent this in the following way:

(+5) +(-5) =0

Students recognize that +5 and -5 are “opposites” as described in grade six, located the same distance
from 0 on a number line. But they reason further that a number, a, and its opposite, —a, always
combine to make O:

a+(-a)=0

This crucial fact lays the foundation for understanding addition and subtraction of signed numbers.

For the sake of simplicity, many of the examples that follow involve integers, but students” work with
rational numbers should include rational numbers in different forms—positive and negative fractions,
decimals, and whole numbers (including combinations). Integers might be used to introduce the
ideas of signed-number operations, but student work and practice should not be limited to integer
operations. If students learn to compute 4 + (-8) but not 4 + (-+), then they are not learning the
rational number system.

Addition of Rational Numbers

Through experiences starting with whole numbers and their opposites (i.e., starting with integers only),
students develop the understanding that like quantities can be combined. When addition problems
have mixed signs, students see that positive and negative quantities combine as necessary to partially
make zeros, and the appropriate amount of positive or negative charge remains.

3 Teachers may wish to temporarily include the plus sign (+) to indicate positive numbers and distinguish them clearly in problems. These

\

signs should eventually be dropped, as they are not commonly used.



Examples: Adding Signed Rational Numbers M.7.4b

Note: The “neutral pair” approach in these examples is meant to show where the answer comes from;
it is not meant to be an efficient algorithm for adding rational numbers.
1. (+12) + (-7)

= (+5) + (+7) + (-7)

= (+5) + (0)

= +5

2. (-12.55) + (+10.50)
= (-2.05) + (-10.50) + (+10.50)
= (-2.05) + (0)
= -2.05
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Eventually, students come to realize that when adding two numbers with different signs, the sum
is equal to the difference of the absolute values of the two numbers and has the same sign as
the number with the larger absolute value. This understanding eventually replaces the kinds of
calculations shown above, which are meant to illustrate concepts rather than serving as practical
computation methods.

When students use a number line to represent the addition of integers, they can develop a general
understanding that the sum p + g is the number found when moving a total of |g| units from p to the
right if g is positive, and to the left if g is negative (M.7.4b). The number line below represents

(+12) + (-7):

Move 7 units to the left from (+12)

-— _\\

8 9 1 1M 12 13 14 15 16

e

'-.ﬂ-'l"i-\

6 7

The concept is particularly transparent for quantities that combine to become 0, as illustrated in the
example (-6.2) + (+6.2) = 0:

Move 6.2 units to the |'|g_ht from (-6.2)

Yo +6.2 S




Subtraction of Rational Numbers

When subtracting rational numbers, the most important concept for students to grasp is that p - g
gives the same result as p + (-q); that is, subtracting g is equivalent to adding the opposite of g.
Students have most likely already noticed that with sums such as 10 + (-2), the result was the same
as finding the difference, 10 - 2. For subtraction of quantities with the same sign, teachers may find
it helpful to employ typical understandings of subtraction as “taking away” or comparing to an
equivalent addition problem, as in (12) - (-7) meaning to “take away -7 from -12,” and compare this
with (<12) + 7 With an understanding that these numbers represent negative charges, the answer
of =5 is arrived at fairly easily. However, by comparing this subtraction expression with the addition
expression (=12) + 7, students see that both result in -5. Through many examples, students can
generalize these results to understand that p - g = p + (-q) [M.7.4c].

Examples: Subtracting Signed Rational Numbers M.7.4c

1. Students interpret 15 - 9 as taking away 9 positive units from 15 positive units. Students should
compare this with 15 + (-9) to see that both result in 6.

2. Students interpret 20.5 + (<17.5) as a credit and debit example. They compare this with
20.5 - 175 and see that they arrive at the same result.

3. Students can use the relationship between addition and subtraction that they learned in
previous grades: namely, that a - b = cif and only if c + b = a. For example, they can use this to
reason that since 10 + (1) = 9, it must be true that 9 - (1) = 10 . They compare this with
9 + 1 and realize that both yield the same result.

4. Students can see subtraction as a form of comparison, particularly visible on a horizontal or
vertical number line. For example, they interpret 9 - (<13) in this way: “How many degrees warmer
is a temperature of 9°C compared to a temperature of —13°C?”

Common Concrete Models for Addition and Subtraction of Rational Numbers

Several different concrete models may be used to represent rational numbers and operations with
rational numbers. It is important for teachers to understand that all such concrete models have
advantages and disadvantages, and therefore care should be taken when introducing these models to
students. Not every model will lend itself well to representing every aspect of operations with rational
numbers. Brief descriptions of some common concrete models are provided below.



Common Concrete Models for Representing Signed Rational Numbers M.7.4d (MHM5)

1. Colored-Chip Models.
Chips of one color are used to represent positive units, and chips of another color are used to
represent negative units (note that plus and minus signs are sometimes written on the chips).
These models make it easy to represent units that are combined, and they are especially
illustrative when positive and negative units are combined to create “zero pairs” (sometimes
referred to as neutral pairs), representing that a + (-a) = 0. A disadvantage of these models is that
multiplication and division are more difficult to represent, and chip models are typically used
only to represent integer quantities (i.e,, it is difficult to extend them to fractional quantities).

0? ®©o

An equal number of positive and negative chips form zero pairs, representing zero.

Colored-Chip Model for 3 + (-5) = =2
+ @)

® @ - Zero
.‘+ ®0 - 60 pairs
o0 @0,

®

L )
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2. Number Line Models.
A number line is used to represent the set of all rational numbers, and directed line segments
(i.e. arrows) are used to represent numbers. The length of the arrow is the absolute value of the
number, and the direction of the arrow tells the sign of the number. Thus, the arrow emanating
from 0 to -3.5 on the number line represents the number -3.5.

Addition is then represented by placing arrows head to tail and looking at the number to which
the final arrow points.

Number Line Model for (-3.5) + (-1.5) = -5
#H-15), 3.5

Subtraction is equivalent to adding the opposite, so we can represent a - b by reversing the
arrow for b and then adding it to a.

Number Line Model for (=3.5) - (-1.5) = =2
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Common Concrete Models for Representing Signed Rational Numbers (continued) M.7.4d (MHM5)

Multiplication is interpreted as scaling. For example, the product +(-3) can be interpreted as an
arrow one-third the length of the arrow (-3) in the same direction. That is, +-(-3) = -1.

Number Line Model for 5(-3) = -1
1 1
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3. Money Account Models.
These models are used to represent addition and subtraction of rational numbers, although
such numbers typically take the form of decimal dollar amounts. Positive amounts contribute to
the balance, while negative amounts subtract from it. Subtracting negatives must be interpreted
delicately here, as in thinking of —(=$35.00) as “The bank forgave the negative balance of $35.00,
which one would interpret as receiving a credit of $35.00.

Instructional Focus

Teachers are encouraged to follow a logical progression in building the rules for operations with
rational numbers (M.7.4), as modeled in the narratives on addition and subtraction, making use

of the structure of the number system (MHM?). Students should engage in class or small-group
discussions about the meaning of operations until a conceptual understanding is reached (MHM3).
Building a foundation in using the structure of numbers with addition and subtraction will also
help students understand the operations of multiplication and division of signed numbers (M.7.5).
Sufficient practice is required so that students can compute sums and products of rational numbers
in all cases and apply these concepts to real-world situations.

Grade seven marks the culmination of the arithmetic learning progression for rational numbers. By the
end of seventh grade, students’ arithmetic repertoire includes adding, subtracting, multiplying, and
dividing with rational numbers, including whole numbers, fractions, decimals, and signed numbers. It
Is important to note that while these skills will no longer implicitly appear in any content standards,
they will be foundational as new content standards are introduced.



The Number System

Apply and extend previous understandings of operations with fractions to add, subtract, multiply,
and divide rational numbers.

M.7.5

Apply and extend previous understandings of multiplication and division and of fractions to multiply
and divide rational numbers.

a. Understand that multiplication is extended from fractions to rational numbers by requiring
that operations continue to satisfy the properties of operations, particularly the distributive
property, leading to products such as (-1)(=1) = 1 and the rules for multiplying signed numbers.
Interpret products of rational numbers by describing real-world contexts.

b. Understand that integers can be divided, provided that the divisor is not zero, and every
quotient of integers (with non-zero divisor) is a rational number. If p and g are integers, then
—(p/q) = (-p)/q = p/(-q). Interpret quotients of rational numbers by describing real world
contexts.

c. Apply properties of operations as strategies to multiply and divide rational numbers.

d. Convert a rational number to a decimal using long division; know that the decimal form of a
rational number terminates in 0s or eventually repeats.

M.7.6
Solve real-world and mathematical problems involving the four operations with rational numbers.

Instructional Note: Computations with rational numbers extend the rules for manipulating fractions
to complex fractions.

Multiplication of Signed Rational Numbers

In general, multiplication of signed rational numbers is performed as with fractions and whole
numbers, but according to the following rules for determining the sign of the product:

1. Different signs: (-a) x b = —ab

2. Same signs: (-a) x (-b) = ab

In these equations, both a and b can be positive, negative, or zero. Of particular importance is that
-1-a =-a. That is, multiplying a number by a negative 1yields the opposite of the number. The first of
these rules can be understood in terms of models. The second can be understood as being a result of
properties of operations (refer to “A Derivation of the Fact That (<1)(-1) = 1" below). Students may also
become more comfortable with rule 2 by examining patterns in products of signed numbers, such as in
the following example, although this does not constitute a valid mathematical proof.



Example: Using Patterns to Investigate Products of Signed Rational Numbers

M.7.5

Students can look for patterns in a table like the one below. Reading from left to right, it is natural to
conjecture that the missing numbers in the table should be 5, 10, 15, and 20.

5x4 5x3 5x2 5x1 5x0 5x(-1) 5x(-2) 5x(=3) 5x(=4)

20 15 10 5 0 -5 -10 -15 -20
(=5)x4 (-5)x3 (=5)x2 (-5)x1 (=5)x0 | (5)x(=1) | (-5)x(=2) | (-5)x(-3) | (-5)x(-4)

-20 -15 -10 -5 0 ? ? ? ?

Ultimately, if students come to understand that (<1)(-1) = 1, then the fact that (-a)(-b) = ab follows
immediately using the associative and commutative properties of multiplication:
(=a)(-b) = (-1-a)(=1- b) = (-1a(-1)b = (-1)(-1)ab=1-ab = ab

After arriving at a general understanding of these two rules for multiplying signed numbers, students
multiply any rational numbers by finding the product of the absolute values of the numbers and then
determining the sign according to the rules that students develop through investigations.

A Derivation of the Fact That (-1)(-1) =1

Students are reminded that addition and multiplication are related by an important algebraic
property, the distributive property of multiplication over addition:
alb+c)=ab +ac

This property is valid for all numbers a, b, and ¢, and it plays an important role in the derivation here
and throughout mathematics. The basis of this derivation is that the additive inverse of the number

-1 (that is, the number you add to -1 to obtain 0) is equal to 1. We observe that if we add (-1)(-1) and

(-1), the distributive property reveals something interesting:

[Because (-1) = (-1)(1)]
[By the distributive property]
[Because (1) + 1=0]

=11+ (1) = (0D + (1))
[

Thus, when adding the quantity (-1)(-1) to -1, the result is 0. This implies that (-1)(-1) is the additive
inverse of -1, which is 1. This completes the derivation.




Division of Rational Numbers

The relationship between multiplication and division allows students to infer the sign of the quotient
of two rational numbers. Otherwise, division is performed as usual with whole numbers and fractions,
with the sign to be determined.

Examples: Determining the Sign of a Quotient M.7.5

If x = (<16) = (-5), then x - (-5) = =16. It follows that whatever the value of x is, it must be a positive
number. In this case, x = 22 = 1. This line of reasoning can be used to justify the general fact that for

rational numbers p and g (W|tn q#0), %=+

Ify =22, theny-50=-0.2.
This implies that y must be negative, and therefore y = % = —=%5 = 5555 = —0.004.

If z=22 then z-(-50) = 0.2.
This implies that z must be negative, and thus z = % = —z55 = —555 = —0.004.

The latter two examples above show that ¢ = 4. In general, it is true that J(f = 2for rational

numbers (with g#0). Students often have trouble interpreting the expression —(£ o )- To begin with, this

should be interpreted as meaning “the opposite of the number % Considering a specific example, it

should be noted that because —(3-) = =(2.5) is a negative number, the product of 4 and (-3-) must also

be a negative number. We determine that 4 - (-(3)) = -10. On the other hand, this equation implies

that —(3-) = =10 < 4. In other words, —(3-) = 72 = 75 A similar line of reasoning shows that =(3) = 12 = 3.
)=

Examples such as these help justify that —( = % (M.7.5b):

o

Students solve real-world and mathematical problems involving positive and negative rational
numbers while learning to compute sums, differences, products, and quotients of rational numbers.
They also come to understand that every rational number can be written as a decimal with an
expansion that eventually repeats or terminates (i.e., eventually repeating with zeros [M.7.4, M.7.5¢c-d],
[MHM1, MHM2, MHM5, MHM6, MHM7, MHMS) ).

Examples: Rational Number Problems M.7.6

1. During a phone call, Melanie was told of the most recent transactions in her company’s business
account. There were deposits of $1,250 and $3,040.57, three withdrawals of $400 each, and the
bank removed two separate $35 penalties to the account that resulted from the bank’s errors.
Based on this information, how much did the balance of the account change?

Solution:
The deposits are considered positive changes to the account, the three withdrawals are
considered negative changes, and the two penalties of $35 each may be thought of as subtracting
debits to the account. The total change to the balance could be represented in this way:

$1,250.00 + $3,040.57 - 3($400.00) - 2($-35.00) = $3,160.57.

Thus, the balance of the account increased by $3,160.57.

#This also shows why it is unambiguous to write — % and drop the parentheses.

/



Examples: Rational Number Problems (continued) M.7.6

2. Find the product (-373) - 8.

Solution:
“I' know that the first number has a factor of (-1) in it, so the product will be negative.
373 -8 = 2400 + 560 + 24 = 2984. So (-373) - 8 = 2984

3. Find the quotient (-2) + (-3).

Solution:

“I know that the result is a positive number. This looks like a problem where | can divide the

numerator and denominator: % + 2 = 252 = 3 The quotient is =

4. Represent each of the following problems with a diagram, a number line, and/or an equation,
and solve each problem.

(a) A weather balloon is 100,000 feet above sea level, and a submarine is 3 miles below sea
level, directly under the weather balloon. How far apart are the submarine and the weather
balloon?

(b) Mary had $0.50; John was $3.75 in debt. John found some money in his old jacket and paid
his debt. Now he and Mary have the same amount of money. How much money was in John's

jacket?
Solution:
(a) “I know that the weather balloon is 100,000 feet above sea level. The submarine is 3 miles
below sea level which means 3289t x 3 miles = 15,840 ft, and because the submarine is

below sea level, this would be —15,840 ft. | want the distance between the submarine and the
weather balloon, so | want to find the sum of their absolute values,
[100,000] + |-15,840] = 100,000 + 15840 = 115,840. The submarine and the weather balloon
are 115,840 feet apart”

(b) “Since John is $3.75 in debt, he starts with -3.75,
| know that John will have the same amount of
money as Mary, $0.50, so using a horizontal number

line, | can add the absolute value of both amounts, T o Hunesiio
-3.75 + 10.50] = 3.75 + 0.50 = 4.25. | 1L 1
So there was $425 inJohn's jaCket." "‘:OD.I._'S'SO " 200 ._:2'50”' 200 ";1'50‘: ‘r:"aoﬂlrolso "aloo c50: 7




Domain: Expressions and Equations

In grade six, students begin the study of equations and inequalities and methods for solving them.

In grade seven, students build on this understanding and use the arithmetic of rational numbers as
they formulate expressions and equations in one variable and use these equations to solve problems.
Students also work toward fluently solving equations of the form px + g = rand p(x + q) = .

Expressions and Equations

Use properties of operations to generate equivalent expressions.

M.7.7

Apply properties of operations as strategies to add, subtract, factor, and expand linear expressions
with rational coefficients.

M.7.8

Understand that rewriting an expression in different forms in a problem context can shed light on
the problem and how the quantities in it are related (e.g,, a + 0.05a = 1.05a means that “increase by
5% is the same as “multiply by 1.05.).

This cluster of standards calls for students to work with linear expressions where the distributive
property plays a prominent role (M.7.7). A fundamental understanding is that the distributive property
works “on the right” as well as “on the left,” in addition to “forward” and “backward.” That is, students
should have opportunities to see that for numbers a, b, and ¢ and x, y, and z

alb+¢c)=ab+ac and ab+ac=alb+c)
(x+y)z=xz+yz and  xz+yz=(x+y)z

Students combine their understanding of parentheses as denoting single quantities with the standard
order of operations, operations with rational numbers, and the properties above to rewrite expressions
in different ways (M.7.8).

Common Misconceptions: Working with the Distributive Property

Students see expressions like 7 - 2(8 - 1.5x) and realize that the expression (8 - 1.5x) is treated as
a separate quantity in its own right, being multiplied by 2 and the result being subtracted from
7 (MHM7). Students may mistakenly come up with the expressions below, and each case offers a
chance for class discussion about why it is not equivalent to the original (MHM3):
» 5(8 - 1.5x), subtracting 7 - 2 without realizing the multiplication must be done first
» 7 -2(6.5x), erroneously combining 8 and -1.5x by neglecting to realize that these are not like
terms
» 7-16 - 3x, by misapplying the distributive property or not being attentive to the rules for
multiplying negative numbers

Students should have the opportunity to see this expression as equivalent to both 7 + (-2)(8 - 1.5x)
and 7 - (2(8 - 1.5x)), which can aid in seeing the correct way to handle the -2 part of the expression.




Note that the standards do not explicitly refer to “simplifying” expressions. Simplifying an expression
Is a special case of generating equivalent expressions. This is not to say that simplifying is never
important, but whether one expression is “simpler” than another to work with often depends on the
context. For example, the expression 50 + (x - 500) - 0.20 represents the cost of a phone plan wherein
the base cost is $50 and any minutes over 500 cost $0.20 per minute (valid for x > 500). However, it is
more difficult to see how the equivalent expression 0.20x - 50 also represents the cost of this phone
plan.

Instructional Focus

The work in standards M.7.7 and M.7.8 is closely connected to standards M.7.9 and M.710, as well as
the multi-step proportional reasoning problems in the domain Ratios and Proportional Relationships
(M.7.3). Students’ work with rational number arithmetic (M.7.4-M.7.6) is particularly relevant when
they write and solve equations (M.7.7-M.7.10). Procedural fluency in solving these types of equations
is an explicit goal of standard M.7.10a.

As students become familiar with multiple ways of writing an expression, they also learn that different
ways of writing expressions can serve varied purposes and provide different ways of seeing a problem.
In example 3 below, the connection between the expressions and the figure emphasizes that both
represent the same number, and the connection between the structure of each expression and a
method of calculation emphasizes the fact that expressions are built from operations on numbers
(adapted from UA Progressions Documents 2011d).

Examples: Working with Expressions M.7.8

1. Arectangle is twice as long as it is wide. Find as many different ways as you can to write an
expression for the perimeter of such a rectangle.

Solution:

If W represents the width of the rectangle and L represents the length, then the perimeter could
be expressed as L + W + L + W. This could be rewritten as 2L + 2W. If it is known that

L = 2W the perimeter could be represented by W + W + 2W + 2W, which could be rewritten as 6W.
Alternatively, if W = % the perimeter could be given in terms of the length as L + L+ é + % which
could be rewritten as 3L.

Adapted from ADE 2010.




Examples: Working with Expressions (continued) M.7.8

2. While Chris was driving a Canadian car, he figured out a way to mentally convert the outside
temperature that the car displayed in degrees Celsius to degrees Fahrenheit. This was his
method: “I took the temperature it showed and doubled it. Then | subtracted one-tenth of that
doubled amount. Finally, | added 32 to get the Fahrenheit temperature.” The standard expression
for finding the temperature in degrees Fahrenheit when the Celsius reading is known is %C +32,
where C is the temperature in degrees Celsius. Was Chris's method correct?

Solution:

If Cis the temperature in degrees Celsius, then the first step in Chris’s calculation was to find 2C.
Then, he subtracted one-tenth of that quantity, which yielded is %(ZC). Finally, he added 32. The
resulting expression was 2C - %(2C) +32. This could be rewritten as 2C - %C +32. Combining the
first two terms, we got:

2C- 4+C+32
=(2-1)C+32
— (10 1
—(?‘?)C+32
= 2C+32

Chris’s calculation was correct.

3. In the well-known “Pool Border Problem,” students ._- _

are asked to determine the number of tiles needed I

to construct a border for a pool (or grid) of size n x n,
represented by the white tiles in the figure. Students
may first examine several examples and organize

their counting of the border tiles, after which they CICT T T LTTTT1
can be asked to develop an expression for the
number of border tiles, B (MHM8). Many different B =4n+4 B=4(n+1)

expressions are correct, all of which are

equivalent to 4n + 4. However, different expressions arise from different ways of seeing the
construction of the border. A student who sees the border as four sides of length n plus four
corners might develop the expression 4n + 4, while a student who sees the border as four sides
of length n + 1 may find the expression 4(n + 1). It is important for students to see many different
representations and understand that these representations express the same quantity in
different ways (MHM7).

Adapted from NCDPI 2013b.




Expressions and Equations

Solve real-life and mathematical problems using numerical and algebraic expressions and
equations.

M.7.9

Solve multi-step real-life and mathematical problems posed with positive and negative rational
numbers in any form (whole numbers, fractions, and decimals), using tools strategically. Apply
properties of operations to calculate with numbers in any form; convert between forms as
appropriate; and assess the reasonableness of answers using mental computation and estimation
strategies (e.g., if a woman making $25 an hour gets a 10% raise, she will make an additional 1/10 of
her salary an hour, or $2.50, for a new salary of $27.50; if you want to place a towel bar 9 3/4 inches
long in the center of a door that is 27 1/2 inches wide, you will need to place the bar about 9 inches
from each edge; this estimate can be used as a check on the exact computation).

M.710
Use variables to represent quantities in a real-world or mathematical problem and construct simple
equations and inequalities to solve problems by reasoning about the quantities.
a. Solve word problems leading to equations of the form px + g = r and p(x + q) = r, where p, g, and
r are specific rational numbers. Solve equations of these forms fluently. Compare an algebraic
solution to an arithmetic solution, identifying the sequence of the operations used in each
approach (e.g., the perimeter of a rectangle is 54 cm; its length is 6 cm; what is its width?; an
arithmetic solution similar to “54 - 6 — 6 divided by 2" may be compared with the reasoning
involved in solving the equation 2w + 12 = 54; an arithmetic solution similar to “54/2 - 6" may be
compared with the reasoning involved in solving the equation 2(w + 6) = 54).
b. Solve word problems leading to inequalities of the form px + g >r or px + g <r, where p, g, and
r are specific rational numbers. Graph the solution set of the inequality and interpret it in the
context of the problem (e.g., as a salesperson, you are paid $50 per week plus $3 per sale; this
week you want your pay to be at least $100; write an inequality for the number of sales you
need to make, and describe the solutions).

By grade seven, students begin to see whole numbers and their opposites, as well as positive and
negative fractions, as belonging to a single system of rational numbers. Students solve multi-step
problems involving rational numbers presented in various forms (whole numbers, fractions, and
decimals), assessing the reasonableness of their answers (MHM1), and they solve problems that
result in basic linear equations and inequalities (M.7.9-M.710). This work is the culmination of many
progressions of learning in arithmetic, problem solving, and Mathematical Habits of Mind.



Examples: Solving Equations and Inequalities M.7.9-M.7.10 (MHM2, MHM4, MHM?)

1.

The youth group is going on a trip to the state fair. The trip costs $52.50 per student. Included in
that price is $11.25 for a concert ticket and the cost of 3 passes, 2 for rides and 1 for game booths.
Each of the passes costs the same price. Write an equation representing the cost of the trip and
determine the price of 1 pass.

Solution:

Students can represent the situation with a tape diagram, showing that 3p + 11.25 represents the
total cost of the trip if p represents the price of each pass. Students find the equation

3p +11.25 = 52.50. They see the expression on the left side of the equation as some quantity (3p)
plus 11.25 equaling 52.50.

$52.50
p p p $11.25

In that case, the equation 52.50 - 11.25 = 41.25 represents that quantity, by the relationship
between addition and subtraction. So 3p = 41.25, which means that p = 41.25 + 3 = 13.75. Thus, each
pass costs $13.75.

The student body government initiates a campaign to change the school mascot. The school
principal has agreed to change the mascot if two-thirds of the student body plus 1 additional
student vote for the change. The required number of votes is 255. How many students attend the
school?
Solution:
If S represents the number of students who attend the school, then %S represents two-thirds
of the vote, and %S +11is one more than this. Since the required number of votes is 255, we can
write £S5 + 1= 255. The quantity =S plus one gives 255, so it follows that <5 = 254. To solve this,
we can find
25=254
25+ 2 =254+ 2

3
= 24, 3

_ 762
S= 5
S = 381

or

— . 2 _ 25 3 _ 762 _
5_2547?_TX7_7_381

Thus, there are 381 total students.

Alternatively, students may solve the equation 4S = 254 by multiplying each side by % giving
2. 25=254-2 andsince -4 -S=1-S wegetS=254-3 = =38

2 3 2




Examples: Solving Equations and Inequalities (continued) M.7.9-M.7.10 (MHM2, MHM4, MHM?)

3.

Florencia can spend at most $60 on clothes. She wants to buy a pair of jeans for $22 and spend

the rest on T-shirts. Each shirt costs $8. Write an inequality for the number of T-shirts she can
purchase.

Solution:

If t represents the number of T-shirts Florencia buys, then an expression for the total amount

she spends on clothes is 8t + 22, since each T-shirt costs $8. The term at most might be new to
students, but it indicates that the amount Florencia spends must be less than or equal to $60.
The inequality that results is 8t + 22 < 60. Note that the symbol “<" is used here to denote that
the amount Florencia spends can be less than or equal to $60. This symbol should be introduced

in grade six.

Estimation Strategies for Assessing Reasonableness of Answers (MHM1, MHM3, MHM5)

Below are a few examples of estimation strategies that students may use to evaluate the
reasonableness of their answers:

»

»

»

»

»

Front-end estimation with adjusting — using the highest place value and estimating from the
front end, making adjustments to the estimate by taking into account the remaining amounts
Clustering around an average — when the values are close together, an average value is
selected and multiplied by the number of values to determine an estimate

Rounding and adjusting — rounding down or rounding up and then adjusting the estimate
based on how much the rounding affected the original values

Using friendly or compatible numbers such as factors — fitting numbers together (e.g, rounding
to factors and grouping numbers together that have round sums like 100 or 1000)

Using benchmark numbers that are easy to compute — selecting close whole numbers for
fractions or decimals to determine an estimate

Adapted from KATM 2012, 7th Grade Flipbook.



Domain: Geometry

In grade seven, a critical area of instruction is for students to extend their study of geometry as they
solve problems involving scale drawings and informal geometric constructions. Students also work
with two- and three-dimensional shapes to solve problems involving area, surface area, and volume.

Draw, construct and describe geometrical figures and describe the relationships between them.
M.711

Solve problems involving scale drawings of geometric figures, including computing actual lengths
and areas from a scale drawing and reproducing a scale drawing at a different scale.

Standard M.Z11 lays the foundation for students to understand dilations as geometric transformations.
This will lead to a definition of the concept of similar shapes in eighth grade: shapes that can be
obtained from one another through dilation. It is critical for students to grasp these ideas, as students
need this comprehension to understand the derivation of the equations y = mx and y = mx + b by
using similar triangles and the relationships between them. Thus standard M.711 should be given
significant attention in grade seven. Students solve problems involving scale drawings by applying
their understanding of ratios and proportions, which starts in grade six and continues in the grade-
seven domain Ratios and Proportional Relationships (M.71-M.7.3).

Teachers should note that the notion of similarity has not yet been addressed. Attempts to define
similar shapes as those that have the “same shape but not necessarily the same size” should be
avoided. Similarity will be defined precisely in grade eight, and imprecise notions of similarity may
detract from student understanding of this important concept. Shapes drawn to scale are indeed
similar to each other, but could safely be referred to as “scale drawings of each other” at this grade
level.

The concept of a scale drawing may be effectively introduced by allowing students to enlarge or shrink
pictures on grid paper. For example, students may be asked to re-create the image on the left (below)
on the same sheet of grid paper, but using 2 units of length for every 1 unit in the original picture:

lcm 2cm

<-= 6em ->



By recording measurements in many examples, students come to see there are two important ratios
with scale drawings: the ratios between two figures and the ratios within a single figure. For instance,
in the illustrations above, students notice that the ratio of the topmost shorter segments and the ratio

of the leftmost longer segments are equal (ratios “between” figures are equal):
lcm _ 4cm
2cm 8cm

Moreover, students see that the ratios of the topmost to leftmost or topmost to total length in each

shape separately are equal (ratios “within” figures are equal):
lem _ 2em 54 Lem - 2cm

4tcm ~ 8cm 3cm ~ 6cm

Students should use these relationships when solving problems involving scale drawings, including
problems that require mathematical justifications when drawings are not to scale.

Examples: Problems Involving Scale Drawings M.711

1. Julie shows you a scale drawing of her room. If 2 centimeters < 5.6 cm >
on the scale drawing equal 5 feet, what are the actual
dimensions of Julie’'s room?

Solution:
Since 2 centimeters in the drawing represent 5 feet, the

ft

. . 5 . .
conversion rate is ;. SO each measurement given in

centimeters is multiplied to obtain the true measurement of
the room in feet. Thus: 4.4 cm

1.2cm

4cm
2.8cm

56Cm > 562 =14f12cm > 12> =3ft,28cm > 28- > =7ft, etc.

2. Explain why the two triangles shown are not scale drawings
of one another.

Solution:

Since the ratios of the heights to bases of the triangles are
different, one drawing cannot be a scale drawing of the
other: = # +.

Adapted from ADE 2010 and NCDPI 2012.

Draw, construct and describe geometrical figures and describe the relationships between them.
M.712
Draw (freehand, with ruler and protractor, and with technology) geometric shapes with given
conditions. Focus on constructing triangles from three measures of angles or sides, noticing when
the conditions determine the following:

a. a unique triangle (e.g, three side measures satisfy the triangle inequality theorem),

b. more than one triangle (e.g, given three angles whose sum is 180 degrees), or

c. no triangle (e.g., angle sum is not 180 degrees or sum of the measures of two sides does not

exceed the measure of the third side).

M.713

Describe the two-dimensional figures (face shapes) that result from slicing three-dimensional figures
with cuts made parallel to, perpendicular to, or neither parallel nor perpendicular to the bases of
right rectangular prisms and right rectangular pyramids.




Students draw (freehand, with ruler and protractor, and with technology) geometric shapes with given
conditions, focusing on triangles (M.7.12). They work with three-dimensional figures and relate them to
two-dimensional figures by examining cross-sections that result when three-dimensional figures are
split (M.713). Students also describe how two or more objects are related in space (e.g., skewed lines
and the possible ways in which three planes might intersect).

In seventh grade, students will explore the six

measures of a triangle: three side lengths and 6"
three angle measures (M.712). If given three

measures, then sometimes, there is no triangle

that can be made. For example, there is no 3"
triangle possible given side lengths, 1, 3, 6 (see 1"

example on the right), and there is no triangle

with all three angles measuring 75 degrees.

Sometimes, only one unique triangle can be
made. For example, if a triangle can be made with
three given side lengths, then the corresponding
angles will have the same measures. Unique
triangles also occur when given the angle 450 450
measure between two side lengths. 6 6

Sometimes, two or more different triangles can be made
with three given measures. For example, here are two
different triangles that can be made with an angle
measuring and side lengths 6 and 8. Notice the angle is

not between the given sides. 45° 45°

8 8

Three pieces of information about a triangle’s side lengths and angle measures may determine no
triangles, one unique triangle, or more than one triangle. It depends on the information.

Investigation time must be given to explore the following:
a. Given three side measures will lead to a unique triangle or no triangle using the Triangle
Inequality Theorem.
b. Given three angle measures will lead to no triangle if sum is not 180 degrees or infinitely many
triangles by dilating side measures.
c. Use of technology or manipulatives would allow students to explore when given side and angle
measures, which will result in more than one, none, or one unique triangle.



Example: Problems Exploring Triangle Relationships M.712 (MHM3, 7)

1. Write three side lengths that will form a triangle. Write three side lengths that will NOT form a
triangle.

Solution:
In order for three sides lengths to form a triangle, the side lengths must satisfy the Triangle
Inequality Theorem. For a triangle to exist with sides a, b, and ¢, the following inequalities must
be true:

- a<b+c

- b<a+c

- c<a+b
Ifa=3,b=4 and c =5, the Triangle Inequality Theorem holds true:

- 3<4+5

- 4<3+5

« 5<3+4
However, if a =3, b =6,and c =9, a triangle is not possible because:

- 9isnotlessthan3+6

2. Can more than one triangle be drawn using two side lengths of 5 units and 8 units and a
nonincluded angle of 40 degrees?

Solution: i i Obtuse Acute
Draw an acute triangle ABC with AB =5 and CA = 8 and A A
Angle C = 40 degrees. Draw another triangle ABC showing sem sem

that side AB can swing wider to create an obtuse triangle 5cm 5cm
without changing the measure of angle C at 40 degrees. oo 0°
C B C B

More than one triangle can be made with the given measures.

Standard M.713, requires students to understand parallel and perpendicular cuts in rectangular
prisms and pyramids result in two-dimensional shapes, rectangles, triangles, trapezoids, etc. Use of
technology will support students developing an understanding that cross sections cut parallel to a
base will share the same shape for prisms and similar shapes for pyramids. Exploration for resulting
shapes for perpendicular and other slices is necessary.

A cross section is a two-dimensional shape that

results from slicing a three-dimensional object. Cross ~

sections that result from a prism sliced parallel to its h‘

base will be the same size and shape as the base. For

example, the dimensions of the cross section below Q!
\/

are the same as the base to which the cross section
is parallel.



Cross sections of a prism or pyramid can be a different shape and/or size than the base as
demonstrated in the examples below.

Solve real-life and mathematical problems involving angle measure, area, surface area, and volume.
M.714

Know the formulas for the area and circumference of a circle and use them to solve problems;

give an informal derivation of the relationship between the circumference and area of a circle.
Instructional Note: Include problems where students must determine area given circumference but
not vice versa.

M.715
Use facts about supplementary, complementary, vertical, and adjacent angles in a multi-step
problem to write and solve simple equations for an unknown angle in a figure.

M.716
Solve real-world and mathematical problems involving area, volume and surface area of two- and
three-dimensional objects composed of triangles, quadrilaterals, polygons, cubes, and right prisms.

In grade seven, students know the formulas for the area and circumference of a circle and use

them to solve problems (M.7:14). To “know the formula” means to have an understanding of why the
formula works and how the formula relates to the measure (area and circumference) and the figure.
For instance, students can cut circles into finer and finer pie pieces (sectors) and arrange them into a
shape that begins to approximate a parallelogram. Knowing that the circumference of a circle is 2mr,
students can see the length of the parallelogram includes only half of the sectors, so the length is half
of the circumference which equates to mir. Also, each sector was cut from a circle with radius, r, so the
height of the parallelogram is r. Thus, the parallelogram has a length of approximately rir and a height
of approximately r. Therefore, the approximate area of this shape is mr2 which informally justifies the
formula for the area of a circle.

Adapted from KATM 2012, 7th Grade Flipbook.

/



Examples: Working with the Circumference and Area of a Circle M.7.14

1. Students can explore the relationship between the
circumference of a circle and its diameter (or radius).
For example, by tracing the circumference of a
cylindrical can on patty or tracing paper and finding
the diameter by folding the paper
appropriately, students can find the approximate diameter of the base of the cylinder. If they
measure a piece of string the same length as the diameter, they will find that the string can wrap
around the can approximately three and one-sixth times. That is, they find that
% = 3% = 316. When students do this for a variety of objects, they start to see that the ratio of the
circumference of a circle to its diameter is always approximately the same number (m).

2. The total length of a standard track is 400 meters.
The straight sides of the track each measure 84.39
meters. Assuming the rounded sides of the track are
half-circles, find the distance from one side of the
track to the other.

Solution:

Together, the two rounded portions of the track make
one circle, the circumference of which is

400 - 2(84.39) = 231.22 meters. The length across the track is represented by the diameter of this
circle. If the diameter is labeled d then the resulting equation is 231.22 = rd. Using a calculator
and an approximation for mas 314, students arrive at d = 231.22 + m = 231.22 + 314 = 73.64 meters.

3. Find the area of the blue shaded region using the given
figure of a circle inscribed in a square. 1.75 in

Solution:

Given the side length of the square is 1.75 in, students
can calculate the area of the whole square to be A = (1.75
in)? = 3.0625 inZ Because the side length of the square

is the same distance as the diameter of the circle, the
radius of the circle is half the diameter, which is 0.875

in. Using the radius of the circle, the area of the circle
can be calculated A = m(0.875 in)? which is approximately
2.4052 in% To find the area of the shaded blue region, find
the difference between the area of the square and the
inscribed circle:

Area of shaded blue region = area of the square — area of the inscribed circle
Area of shaded blue region = 3.0625 in? - 2.4052 in?
Area of shaded blue region = 0.6573 in?

Adapted from ADE 2010.



Students will be introduced to angle relationships including supplementary, complementary,
vertical, and adjacent angles and use them to find the measure of an unknown angle in a figure
(M.7a5). Students will be building on angle knowledge from fourth grade. Instructional time must be
dedicated to differentiating between complementary and supplementary angle relationships. Hands
on investigations with patty paper and protractors will assist students in understanding vertical
angle relationships and build on their understanding of acute and obtuse angle measurements.
Using diagrams like the following requires students to write equations to determine unknown angle

measures.
A. B.
aD
a° bo
be C
C D. E
35° b° b® e bo
be C
a° ae

a. vertical angles

b. angles a and b form a linear pair which means they are supplementary angles

c. vertical angle relationships and the three angles form a line

d. vertical angle relationships and three angles form a right angle

e. three angles form a line
Example: Angle Relationships and Algebraic Reasoning M.7.15 (MHM1, 2, 7)
Solve for the value of m and find the measures of each angle.
Solution:
The angle relationship is complementary resulting in the equation.

(8m)° + (3m +2)° =90°
8m+3m+2=90
Tim +2=90 .
1Mm+2-2=90-2 (3m-2)
1m = 88 (8m)°
m=38

Since m =8, (8m)° = (8*8)° = 64° and (3m + 2)° = (3*8 + 2)° = (24 + 2)° = 26°.

The sum of the two angle measures is 64° + 26° = 90°.




Students continue work from grades five and six to solve problems involving area, surface area, and
volume of two- and three-dimensional objects composed of triangles, quadrilaterals, polygons, cubes,
and right prisms (M.7.16).

Example: Surface Area and Volume M.7.16

1. The surface area of a cube is 96 square inches. What is the volume of the cube?

Solution:

Students understand from working with nets in grade six that the cube has six
faces, all with equal area. Thus, the area of one face of the cube is 96 + 6 = 16
square inches. Since each face is a square, the length of one side of the cube is 4
inches. This makes the volume V = 43 = 64 cubic inches.

Domain: Statistics and Probability

Students are introduced to statistics in grade six. In grade seven, they extend their work with single-
data distributions to compare two different data distributions and address questions about differences
between populations. They also begin informal work with random sampling.

Statistics and Probability

Use random sampling to draw inferences about a population.

M.717

Understand that statistics can be used to gain information about a population by examining a
sample of the population; generalizations about a population from a sample are valid only if the
sample is representative of that population. Understand that random sampling tends to produce
representative samples and support valid inferences.

M.718

Use data from a random sample to draw inferences about a population with an unknown
characteristic of interest. Generate multiple samples (or simulated samples) of the same size to
gauge the variation in estimates or predictions (e.g.,, estimate the mean word length in a book by
randomly sampling words from the book; predict the winner of a school election based on randomly
sampled survey data; gauge how far off the estimate or prediction might be).

Students in grade seven use data from a random sample to draw inferences about a population with
an unknown characteristic (M.717-M.718). For example, students could predict the mean height of
grade seven students by collecting data in several random samples.

Students recognize that it is difficult to gather statistics on an entire population. They also learn that
a random sample can be representative of the total population and will generate valid predictions.
Students use this information to draw inferences from data (MHM1, MHM2, MHM3, MHM4, MHM5,
MHM6, MHM7). The standards in the M.Z17-M.7.18 cluster represent opportunities to apply percentages
and proportional reasoning. In order to make inferences about a population, one applies such
reasoning to the sample and the entire population.



Example: Random Sampling

The table below shows data collected from two random samples of 100 students regarding their
school lunch preferences. Make at least two inferences based on the results.

Hamburgers |Tacos Pizza Total
Student Sample 1 12 14 74 100
Student Sample 2 12 1 77 100

Possible solutions:
Since the sample sizes are relatively large, and a vast majority in both samples prefer pizza, it would
be safe to draw these two conclusions:

1. Most students prefer pizza.

2. More students prefer pizza than hamburgers and tacos combined.

Adapted from ADE 2010.

Variability in samples can be studied by using simulation (M.718). Web-based software and
spreadsheet programs may be used to run samples. For example, suppose students are using random
sampling to determine the proportion of students who prefer football as their favorite sport, and
suppose that 60% is the true proportion of the population. Students may simulate the sampling by
conducting a simple experiment: place a collection of red and blue chips in a container in a ratio of
60:40, randomly select a chip 50 separate times with replacement, and record the proportion that
came out red. If this experiment is repeated 200 times, students might obtain a distribution of the
sample proportions similar to the one in figure below.

AR ﬂAﬂ“l!!‘l!lll“*‘
7 08

0 0.1 02 03 04 05 06 0O

Results of Simulations

09 1

Proportions of red chips in 200 random samples of size
50 from a population in which 60% of the chips are red.

This is a way for students to understand that the sample proportion can vary quite a bit, from as low
as 35% to as high as 75%. Students can conjecture whether this variability will increase or decrease
when the sample size increases, or if this variability depends on the true population proportion
(MHM3) [adapted from UA Progressions Documents 2011e].



Statistics and Probability

Draw informal comparative inferences about two populations.
M.719
Given two data displays, distinguish measures of center and measures of variation.

M.7.20
Compare two numerical data sets in relation to their context, such as by:
a. Reporting the number of observations.
b. Describing the nature of the attribute under investigation, including how it was measured and
its units of measurement.
c. Giving quantitative measures of center (median and/or mean) and describing any overall
pattern(s).
d. Giving quantitative measures of variability (interquartile range (IQR), range, and/or mean
absolute deviation (MAD)) and describing any striking deviations from the overall pattern(s).
e. Relating the choice of measures of center and variability to the shape of the data distribution
and the context in which the data were gathered.

M.7.21

Informally assess the degree of visual overlap of two numerical data distributions with similar
variabilities, measuring the difference between the centers by expressing it as a multiple of a
measure of variability (e.g,, the mean height of players on the basketball team is 10 cm greater than
the mean height of players on the soccer team, about twice the variability (mean absolute deviation)
on either team; on a dot plot, the separation between the two distributions of heights is noticeable).

M.7.22

Use measures of center and measures of variability for numerical data from random samples to draw
informal comparative inferences about two populations (e.g., decide whether the words in a chapter
of a seventh-grade science book are generally longer than the words in a chapter of a fourth-grade
science book).

Grade seven continues the characterization of data distributions by measures of center and spread.

To be useful, center and spread must have well-defined numerical descriptions that are commonly
understood by those using the results of a statistical investigation (UA Progressions Documents 2011e).
Students analyze and/or compare data sets, consider the context in which the data are collected, and
identify clusters, peaks, gaps, and symmetry in the data. Students understand that data sets contain
many numerical values that can be summarized by one number, such as a measure of center (mean or
median) and measures of variation (range, interquartile range, or mean absolute deviation).



Instructional Focus

Teachers build on the foundation of statistics established in grade six. In grade six, students develop
understanding of statistical variability (M.6.25-M.6.26). Teachers are encouraged to follow a logical
progression in building the students’ capacity to draw informal comparative inferences about

two populations by extending work with measure of a center and measure of variability from one
population (M.6.27-M.6.29) to two populations (M.7Z19-M.7.22). Students should draw conclusions
using mathematical reasoning and justify their thinking through class or small-group discussions

to develop their conceptual understanding of statistics (MHM2, MHM3). Sufficient exploration of
numerical data sets is required so that students can assess and draw informal conclusions about
two populations to apply these concepts to authentic situations.

Describing Data M.7.19

A measure of center gives a numerical value to represent the central tendency of the data (e.g,
midpoint of an ordered list [median] or the balancing point). The range provides a single number
that describes how widely the values vary across the data set. Another characteristic of a data set is
the measure of variability (or spread from center) of the values.

Measures of Center

Given a set of data values, students summarize the measure of center with the median or mean
(M.6.27). The median is the value in the middle of an ordered list of data. This value means that 50
percent of the data is greater than or equal to it and that 50 percent of the data is less than or equal
to it. When there is an even number of data values, the median is the arithmetic average of the two
values in the middle.

The mean is the arithmetic average: the sum of the values in a data set divided by the number of data
values in the set. The mean measures center in the sense that it is the hypothetical value that each
data point would equal if the total of the data values were redistributed equally. Students can develop
an understanding of what the mean represents by redistributing data sets to be level or fair (creating
an equal distribution) and by observing that the total distance of the data values above the mean is
equal to the total distance of the data values below the mean (reflecting the idea of a balance point).

Example: Measures of Center (mean/median) M.7.20c

Consider the data shown in the following line plot of the scores for
organization skills for a group of students.
a. How many students are represented in the data set?

6-Trait Writing Rubric Scores
for Organization

X
b. What are the mean and median of the data set? Compare the X
mean and median. L XXX
c. What is the range of the data? What does this value tell you? X X X X X X X
012 3 456



Example: Measures of Center (mean/median) (continued) M.7.20c

Solution:
a. Since there are 19 data points (represented by Xs) in the set, there are 19 students represented.
b. The mean of the data set can be found by adding all of the data values (scores) and dividing by
19. The calculation below is recorded as (score) x (number of students with that score):

0(1)+1(1)+2(2)+3(6)+4(4)+5(3)+6(2) _ 66 _ 347

19 19
From the line plot, the median of the data set appears to be 3. To check this, we can line up the
data values in ascending order and look for the center:

0,1,223,3,3,3,3,F44 4, 4,4,55,56,6

The median is indeed 3, since there are 9 data values to the left of the circled 3 and 9 values to
the right of it. The mean is greater than the median, which makes sense because the data are
slightly skewed to the right.

c. The range of the data is 6, which coincides with the range of possible scores.

Adapted from ADE 2010.

Measures of Variability

In grade seven, variability is measured by using the interquartile range or the mean absolute
deviation. The interquartile range (IQR), which is introduced in grade six, describes the variability
within the middle 50% of a data set. It is found by subtracting the lower quartile from the upper
quartile. In a box plot, it represents the length of the box and is not affected by outliers. Students find
the IQR of a data set by finding the upper and lower quartiles and taking the difference or by reading a
box plot.

Mean absolute deviation (MAD), which is a new concept in grade seven, describes the variability of the
data set by determining the absolute deviation (the distance) of each data piece from the mean, and
then finding the average of these deviations. Both the IQR and the MAD are represented by a single
numerical value. Higher values represent a greater variability in the data.

Example: Finding the IQR and MAD M.7.20c

Use this data 071,2,2,3,3,3,3,3,3,4,4,4,4,5,5,5,6,6. The median (3) separated the data set into the upper
50% and the lower 50%. By further separating these two subsets, we obtain the four quartiles (i.e.,
25%-sized parts of the data set).

0,1,2,2,3,3,3,3,3,3,4,4,4,4,5,55,6,6

In this case, the IQR is 5 - 3 = 2, indicating that the middle 50% of values differ by no more than 2
units. This is reflected in the dot plot, as most of the data appear to be clustered around 3 and 4.



Example: Finding the IQR and MAD (continued) M.7.20c

To find the MAD of the data set above, the mean is rounded to 3.5 to simplify the calculations and
find that there are 7 possible deviations from the mean:

[0-3.5], [1-3.5], 2-3.51, 13-3.5], 14-3.5], |5-3.5], |6-3.5]

This results in the set of deviations 3.5, 2.5, 1.5, 0.5, 0.5, 1.5, and 2.5. When the average of all deviations
in the data set is found, we obtain the following:

1(3.5) + 1(2.5) + 2(1.5) + 6(0.5) + 4(0.5) + 3(1.5) + 2(2.5) .
19 ~ 1.24

This is interpreted as saying that, on average, a student’'s score was 1.24 points away from the

approximate mean of 3.5.
Adapted from ADE 2010; KATM 2012, 6th Grade Flipbook; and NCDPI 2013.

Students in grade seven interpret data displays and determine measures of center and variability from
them. They summarize numerical data sets in relation to the context of the data (M.7.20).



Examples: Comparing Two Data Sets M.7.20

1. Jason wanted to compare the mean height of the players on his favorite basketball and soccer
teams. He thinks the mean height of the players on the basketball team will be greater but
doesn’'t know how much greater. He also wonders if the variability of heights of the athletes is
related to the sport they play. He thinks that there will be a greater variability in the heights of
soccer players as compared to basketball players. He used the rosters and player statistics from
the team websites to generate the following lists.

Basketball Team — Height of Players in inches for 2022-2023 Season: e rrxxxox
75,73,76,78,79,78,79, 81, 80, 82, 81, 84, 82, 84, 80, 84 6566 6768 69 70 71 72 73 7 75 76 77 78 79 80 81 82 83 84
Soccer Team — Height of Players in inches for 2022-2023 Season: Height of Basketball Players (in)

65, 67, 69, 69, 69, 70, 70,70, 71,71, 71,72,72,72,72,73,73,73, 73,73, 73, 74,
74, 74, 74,76, 76, 76, 78 x

> X %
X X X X
X X X X X X

X X
X X
X X X X X X X

Solution: 6566 67 68 6970 71 72 73 74 75 76 77 78 79 80 81 82 83 84
To compare the data sets, Jason creates two dot plots on the same Height of Soccer Players (in)
scale. The shortest player is 65 inches and the tallest players are

84 inches.

In looking at the distribution of the data, Jason observes that there is some overlap between the to
data sets. Some players on both teams have players between 73 and 78 inches tall. Jason decides to
use the mean and mean absolute deviation to compare the data sets. Jason sets up a table for each
data set to help him with the calculations. The mean height of the basketball players is 79.75 inches
as compared to the mean height of the soccer players at 72.07 inches, a difference of 7.68 inches.

The mean absolute deviation (MAD) is calculated by taking the mean of the absolute deviations for
each data point. The difference between each data point and the mean is recorded in the second
column of the table. Jason used rounded values (80 inches for the mean height of basketball
players and 72 inches for the mean height of soccer players) to find the differences. The absolute
deviation, absolute value of the deviation, is recorded in the third column. The absolute deviations
are summed and divided by the number of data points in the set. The mean absolute deviation is
214 inches for the soccer players and 2.5 for the basketball players. These values indicate moderate
variation in both data sets. There is slightly more variability in the height of the basketball players.
The difference between the heights of the teams is approximately 3 times the variability of the data
sets 7.68 + 2.5 = 3.07.



Examples: Comparing Two Data Sets (continued) M.7.20

Soccer Players (n=29) Basketball Players (n=16)
Height (in) Deviation from | Absolute Height (in) Deviation from | Absolute
Mean (in) Deviation (in) Mean (in) Deviation (in)
65 -7 7 73 -7 7
67 -5 5 75 -5 5
69 -3 3 76 -3 3
69 -3 3 78 -3 3
69 3 3 78 3 3
70 -2 2 79 -2 2
70 -2 2 79 -2 2
70 2 2 80 2 2
71 -1 1 80 -1 1
71 -1 1 81 -1 1
71 -1 1 81 -1 1
72 0 0 82 0 0
72 0 0 82 0 0
72 0 0 84 0 0
72 0 0 84 0 0
73 1 1 84 1 1
73 1 1 3=1276 3=40
73 1 1 Mean = 1276 + 16 = 80 inches
= ] ; MAD = 40 + 16 = 2.5 inches
73 1 1
73 1 1
T4 2 2
74 2 2
T4 2 2
74 2 2
76 4 4
76 4 4
76 4 4
78 6 6
$=2090 =62
Mean = 2090 + 29 =72 inches
MAD = 62 + 29 = 214 inches




Comparing two data sets is a new concept for students (M.7.21-M.7.22). Students build on their
understanding of graphs, mean, median, mean absolute deviation (MAD), and interquartile range (IQR).
They know that:
» understanding data requires consideration of the measures of variability as well as the mean
or median;
» variability is responsible for the overlap of two data sets, and an increase in variability can
increase the overlap;
» the median is paired with the interquartile range and the mean is paired with the mean absolute
deviation (adapted from NCDPI 2013b).

Probability models draw on proportional reasoning and should be connected to major grade seven
work in the cluster “Analyze proportional relationships and use them to solve real-world and
mathematical problems” (M.717-M.7:18, M.7.21).

Statistics and Probability

Investigate chance processes and develop, use, and evaluate probability models.

M.7.23

Understand that the probability of a chance event is a number between 0 and 1 that expresses the
likelihood of the event occurring. Larger numbers indicate greater likelihood. A probability near 0
indicates an unlikely event, a probability around 1/2 indicates an event that is neither unlikely nor
likely and a probability near 1 indicates a likely event.

M.7.24

Approximate the probability of a chance event by collecting data on the chance process that
produces it and observing its long-run relative frequency, and predict the approximate relative
frequency given the probability (e.g., when rolling a number cube 600 times, predict thata 3 or 6
would be rolled roughly 200 times, but probably not exactly 200 times). Instructional Note: Provide
adequate models for students to understand relative frequency is the experimental probability
which when given enough trials will match the theoretical probability.

M.7.25

Develop a probability model and use it to find probabilities of events. Compare probabilities from
a model to observed frequencies; if the agreement is not good, explain possible sources of the
discrepancy.

a. Develop a uniform probability model by assigning equal probability to all outcomes and use the
model to determine probabilities of events (e.g., if a student is selected at random from a class,
find the probability that Jane will be selected and the probability that a girl will be selected).

b. Develop a probability model (which may not be uniform) by observing frequencies in data
generated from a chance process (e.g., find the approximate probability that a spinning penny
will land heads up or that a tossed paper cup will land open-end down; do the outcomes for
the spinning penny appear to be equally likely based on the observed frequencies?).




Students develop, explore, and understand the probability of a chance event is a number between 0
and 1(M.7.23).
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Grade seven students interpret probability as indicating the long-run relative frequency of the
occurrence of an event (M.7.24). Students develop and use probability models to find the probabilities
of events and investigate both empirical probabilities (i.e., probabilities based on observing outcomes
of a simulated random process) and theoretical probabilities (i.e., probabilities based on the structure
of the sample space of an event) [M.7.25].

Instructional Focus

Grade 7 is the introduction to the formal study of probability. Through multiple experiences, students
begin to understand the probability of chance (simple and compound), develop and use sample
spaces, compare experimental and theoretical probabilities, develop and use graphical organizers,
and use information from simulations for predictions. Help students understand the probability

of chance by using the benchmarks of probability: 0, 1 and provide students with situations that
have clearly defined probability of never happening as zero, always happening as 1 or equally

likely to happen as to not happen as 2. Then advance to situations in which the probability is
somewhere between any two of these benchmark values, which builds to the concept of expressing
the probability as a number between 0 and 1. Use this to build the understanding that the closer
the probability is to 0, the more likely it will not happen, and the closer to 1, the more likely it will
happen. Students learn to make predictions about the relative frequency of an event by using
simulations to collect, record, organize and analyze data. Students also develop the understanding
that the more the simulation for an event is repeated, the closer the experimental probability
approaches the theoretical probability.




Example: A Simple Probability Model M.7.25

A box contains 10 red chips and 10 black chips. Without looking, each student reaches into the box
and pulls out a chip. If each of the first 5 students pulls out (and keeps) a red chip, what is the
probability that the sixth student will pull a red chip?

Solution:

The events in question, pulling out a red or black chip, should be considered equally likely.
Furthermore, though students new to probability may believe in the “gambler’s fallacy”—that since

5 red chips have already been chosen, there is a very large chance that a black chip will be chosen
next—students must still compute the probabilities of events as equally likely. There are 15 chips left
in the box (5 red and 10 black), so the probability that the sixth student will select a red chip is 5 out

of 15 or 2% = +.

Statistics and Probability

Investigate chance processes and develop, use, and evaluate probability models.
M.7.26
Find probabilities of compound events using organized lists, tables, tree diagrams, and simulation.

a. Understand that, just as with simple events, the probability of a compound event is the fraction
of outcomes in the sample space for which the compound event occurs.

b. Represent sample spaces for compound events using methods such as organized lists, tables
and tree diagrams. For an event described in everyday language (e.g., “rolling double sixes”),
identify the outcomes in the sample space which compose the event.

c. Design and use a simulation to generate frequencies for compound events (e.g., use random
digits as a simulation tool to approximate the answer to the question: If 40% of donors have
type A blood, what is the probability that it will take at least 4 donors to find one with type
A blood?).

Students in grade seven also examine compound events (such as tossing a coin and rolling a standard
number cube) and use basic counting ideas for finding the total number of equally likely outcomes
for such an event. For example, 2 outcomes for the coin and 6 outcomes for the number cube result
in 12 total outcomes. At this grade level, there is no need to introduce formal methods of finding
permutations and combinations. Students also use various means of organizing the outcomes of an
event, such as two-way tables or tree diagrams (M.7.26a-b).
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Example: Tree Diagrams

Using a tree diagram, show all possible arrangements of the letters in the E
name FRED. If each of the letters is on a tile and drawn at random, what is il
the probability that you will draw the letters F-R-E-D in that order? What is

the probability that your “word” will have an F as the first letter? /
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A tree diagram reveals that, out of 24 total outcomes, there is only one tart / T—T 1§
outcome where the letters F-R-E-D appear in that order, so the probability '~,ﬂ . B
of the event occurring is .. Regarding the second question, the entire top VR & I : ;_-
branch (6 outcomes) represents the outcomes where the first letter is F, so " “‘“m.\_g::jg_;
the probability of that occurring is £ = —+. \ _'";—"
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Adapted from ADE 2010.
Finally, students in grade seven use simulations to determine probabilities (frequencies) for
compound events (M.7.26c).
Example: Simulation M.7.26¢

If 40% of donors have type O blood, what is the probability that it will take at least 4 donors to find 1
with type O blood?

Solution:

This problem offers a perfect opportunity for students to construct a simulation model. The
proportion of donors with type O blood being 40% may be modeled by conducting blind drawings
from a box containing markers labeled “0" and “Not O.” One option would be to have a box with

40 “0O" markers and 60 “Not O” markers. The size of the donor pool would determine the best way

to model the situation. If the donor pool consisted of 25 people, one could model the situation by
randomly drawing craft sticks (without replacement) from a box containing 10 “O” craft sticks and

15 “Not O” craft sticks until a type O craft stick is drawn. Reasonable estimates could be achieved

in 20 trials. However, if the class were evaluating a donor pool as large as 1000, and circumstances
dictated use of a box with only 10 sticks, then each stick drawn would represent a population of 100
potential donors. This situation could be modeled by having successive draws with replacement until
a type O stick is drawn. In order to speed up the experiment, students might note that once 3 “Not
0" sticks have been drawn, the stated conditions have been met. An advanced class could be led to
the observation that if the donor pool were very large, the probability of the first three donors having
blood types A, B, or AB is approximated by (1-0.4)3 = (0.6)3 = 0.216. This exercise also represents a
good opportunity to collaborate with science faculty.




Instructional Focus

Students develop probability models to be used to find the probability of events. Students should
begin to expand their knowledge and understanding of the probability of simple events, to find the
probabilities of compound events by creating organized lists, tables, and tree diagrams. This helps
students create a visual representation of the data, e.g., a sample space of the compound event.
From each sample space, students determine the probability or fraction of each possible outcome.

Students continue to build on the use of simulations for simple probabilities and now expand the
simulation of compound probability. Providing opportunities for students to match situations and
sample spaces assists students in visualizing the sample spaces for situations. Consider having
students start with simpler situations that have fewer elements, which enables them to have
successful experiences with organizing lists and trees diagrams. Ask guiding questions to help
students create methods for creating organized lists and trees for situations with more elements.
Students often see skills of creating organized lists, tree diagrams, etc. as the end product.
Provide students with experiences that require the use of these graphic organizers to determine
the theoretical probabilities. Have them practice making the connections between the process of
creating lists, tree diagrams, etc. and the interpretation of those models.

Additionally, students often struggle when converting forms of probability from fractions to
percents and vice versa. To help students with the discussion of probability, don’t allow the symbol
manipulation/conversions to detract from the conversations. By having students use technology
such as a graphing calculator or computer software to simulate a situation and graph the results,
the focus is on the interpretation of the data. Students then make predictions about the general
population based on these probabilities.
KSDE 7th grade Flipbook 2017

Essential Learning for the Next Grade

In middle grades, multiplication and division develop into powerful forms of ratio and proportional
reasoning. The properties of operations take on prominence as arithmetic matures into algebra. The
theme of quantitative relationships also becomes explicit in grades six through eight, developing into
the formal notion of a function by grade eight. Meanwhile, the foundations of deductive geometry are
established in the middle grades. The gradual development of data representations in kindergarten
through grade five leads to statistics in middle school: the study of shape, center, and spread of

data distributions; possible associations between two variables; and the use of sampling in making
statistical decisions.

To be prepared for grade eight mathematics, students should be able to demonstrate mastery of
particular mathematical concepts and procedural skills by the end of grade seven and that they have
met the fluency expectations for grade seven. The expected fluencies for students in grade seven

are to solve equations of the form px + g = r and p(x + g) = r (M.710), which also requires fluency with
rational-number arithmetic (M.7.4-M.7.6), and to apply (to some extent) properties of operations to
rewrite linear expressions with rational coefficients (M.7.7). Also, adding, subtracting, multiplying,

and dividing rational numbers (M.7.4-M.7.5) is the culmination of numerical work with the four basic
operations. The number system continues to develop in grade eight, expanding to become the real
numbers with the introduction of irrational numbers, and develops further in high school, expanding
again to become the complex numbers with the introduction of imaginary numbers. These fluencies
and the conceptual understandings that support them are foundational for work in grade eight. It is

\



particularly important for students in grade seven to develop skills and understandings to analyze
proportional relationships and use them to solve real-world and mathematical problems (M.7.1-M.7.3);
apply and extend previous understanding of operations with fractions to add, subtract, multiply, and
divide rational numbers (M.7.4-M.7.5); use properties of operations to generate equivalent expressions
(M.7.7-M.7.8); and solve real-life and mathematical problems using numerical and algebraic
expressions and equations (M.7.9-M.7.10).

Guidance on Course Placement and Sequences

The West Virginia College- and Career-Readiness Standards for Mathematics for grades six through
eight are comprehensive, rigorous, and non-redundant. Instruction in an accelerated sequence of
courses requires compaction of grade level mathematics content standards rather than deletion. The
selection and placement of students into an accelerated mathematics pathway must be done carefully
to avoid creating gaps in students' mathematical backgrounds and ensure success of all students. It

is recommended that placement decisions be made based on a set of criteria including a readiness
assessment to be reviewed by a team of stakeholders that includes the school principal, teachers,
parents and/or guardians, and the student.
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